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1. Introduction
Let S be a hyperbolic surface. A representation of n
1
(S) into the isometry group of the hyperbolic
plane is called Fuchsian if it is discrete and faithful. The intersection of a complex line with complex
hyperbolic 2-space is called a complex geodesic and carries the structure of the PoincareH model of
the hyperbolic plane (complex hyperbolic 1-space) which we denote by H1C . This gives a natural
inclusion of their isometry groups Isom(H1C)PIsom(H2C ). A representation of n1(S) into Isom(H2C )
obtained by restricting this inclusion to a Fuchsian representation of n
1
(S) is called C-Fuchsian.
We will study the deformation space of a C-Fuchsian representation o
0
: n
1
(S)PIsom (H2C ) of the
fundamental group of a hyperbolic surface of "nite type (that is of genus g with n punctures where
0(2g!2#n(R). It follows from the remarkable result of Goldman [6] and Toledo [21,20],
that if the surface S is compact (that is n"0), then all representations of o : n
1
(S)PIsom(H2C) near
a C-Fuchsian representation also stabilise a complex geodesic. In other words, there are no
quasi-Fuchsian representations near a C-Fuchsian one (see also [8] for a generalisation to higher
dimensions). From this one concludes that, when S is compact, the connected component of the
deformation space of n
1
(S) containing o
0
is homeomorphic to the Cartesian product of the
TeichmuK ller space of S with the space of trivial deformations. In particular, every nearby repres-
entation is conjugate to one in Isom(H1C) [21,8].
A totally real subspace of complex hyperbolic 2-space carries the structure of the Klein}Beltrami
model of the hyperbolic plane which we denote by H2R . This again gives a natural inclusion of their
isometries Isom(H2R)PIsom(H2C). A representation of n1(S) into Isom(H2C) obtained by restricting
this inclusion to a Fuchsian representation of n
1
(S) is called R-Fuchsian. In contrast to the case of
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C-Fuchsian representations, if o
0
: n
1
(S)PIsom(H2C) is an R-Fuchsian representation, then, even
when S is compact, there are nearby quasi-Fuchsian deformations of o
0
that do not preserve
a totally real plane [1]. These #exibility results were inspired by Thurston’s bending construction,
see, for instance [19]. Moreover, if o
0
is an R-Fuchsian representation of an ideal triangle
group (that is a subgroup of Isom(H2C) generated by inversions in three mutually asymptotic
complex geodesics) then as shown in [9], there are nearby quasi-Fuchsian deformations of o
0
.
We also remark that Thurston’s bending works in the case of R-Fuchsian representations
due to the fact that there are rotations at any angle around a complex geodesic orthogonal to the
totally real geodesic plane R. This does not work in the case of C-Fuchsian representations, since
the only non-trivial rotations around totally real geodesic planes are of order 2 (and are anti-
holomorphic).
The local rigidity result mentioned above is based on studying a numerical invariant q, Toledo’s
invariant, which is de"ned as follows. Let S be a hyperbolic Riemann surface of "nite conformal
type and let o : n
1
(S)PIsom(HmC ) be a representation of its fundamental group in the isometry
group of complex hyperbolic m-space. Let u be the KaK hler form on HmC and let D denote the
hyperbolic plane (i.e. the universal covering of S). The representation o determines a #at bundle
over S with "bre HmC . Since HmC is contractible, this bundle has a section, which is equivalent to an
equivariant mapping f : DPHmC, f (cx)"o (c) f (x), for all c3n1(S). The form f *u is invariant under
the action of n
1
(S) on D, hence descends to a form on S that is still denoted by f *u. Then the
number in question is
q(o)" 1
2n P
S
f *u.
It is easy to see that the value q (o) does not depend on the choice of f and, therefore, q (o) is well
de"ned as a function of o.
Suppose that S is a compact surface of genus g*2 and let q be the Toledo invariant of
a representation of n
1
(S) to Isom(H2C). Using Gromov’s technique of bounded cohomology, Toledo
proved that this number has the following properties:
f q varies continuously with the representation,
f !2g#2)q)2g!2 [3],
f DqD"2g!2 if and only if the corresponding representation is C-Fuchsian [21],
f if the representation is R-Fuchsian then q"0 [11],
f q is an integer for discrete faithful representations [20, 11].
Thus, the Toledo invariant is locally constant and so the rigidity theorem follows.
In the present paper, we suppose that S is a Riemann surface of "nite conformal type with genus
g and n’0 punctures, where 2g!2#n’0. Let q denote the Toledo invariant of a representation
of n
1
(S) acting on the hyperbolic plane D with non-compact quotient S of "nite area. We will show
that Toledo’s invariant has the following properties:
f q varies continuously with the representation,
f !2g#2!n)q)2g!2#n,
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f DqD"2g!2#n if and only if the corresponding representation is C-Fuchsian,
f if the representation is R-Fuchsian then q"0.
So, in the non-compact case, Toledo’s invariant has the same properties as in the compact case
except the following: we will show that q is no longer an integer even for discrete faithful
representations. This leaves the following question: Given a C-Fuchsian representation o
0
of n
1
(S)
with the property that the quotient of the invariant complex geodesic by the group has "nite area.
Then, are there nearby representations o that do not preserve a complex geodesic?
In other words, let C
0
be a "nitely generated Fuchsian group of the "rst kind leaving the complex
geodesic H1CLH2C invariant, that is, C acts on H1C with "nite area quotient. Assume the quotient
H1C/C is not compact. Then does C0 admit nearby quasi-Fuchsian deformations?
In this paper, we will show that such deformations exist. In particular, the assumption in the
Toledo}Goldman}Millson result that S is compact is necessary.
In our examples, S will be the three times punctured sphere, that is g"0 and n"3. We will
construct a discrete C-Fuchsian ideal triangle group C
0
, that is, a subgroup of the full isometry
group of H2C generated by the inversions in three mutually asymptotic totally real planes whose
limit set is a chain (a chain is the boundary of a complex geodesic), and show that this group is
#exible as a subgroup of the isometry group of H2C. That is, there exist nearby deformations of C of
C
0
which remain discrete with limit sets fractal Jordan curves. (We remark that these deformations
are not bending deformations.) Then, the group G"o (n
1
(S)) is of index two in the group C and is
a free discrete subgroup of the holomorphic isometry group of H2C. The group G is generated by two
parabolic elements whose product is also parabolic. We calculate Toledo’s invariant for these
deformations and show that its values range over the interval [1/2,1]. Thus, we have constructed
a continuous family of KaK hler structures on the trivial plane bundle over the thrice punctured
sphere (the quotient of complex hyperbolic space by our group G) and these are distinguished by
Toledo’s invariant. Also, we show that for the deformations considered by Goldman and Parker in
[9], Toledo’s invariant is constant (equals 0). Therefore, in those deformations we have a continu-
ous family of KaK hler structures on the trivial plane bundle over the thrice punctured sphere that are
not distinguished by Toledo’s invariant.
The main problem in our construction of deformations is to show discreteness. In real hyperbolic
geometry, PoincareH ’s polyhedron theorem is one of the principal instruments for constructing
discrete groups. It requires appropriate notions of polyhedra. This question becomes non-trivial in
complex hyperbolic geometry because of the absence of totally geodesic hypersurfaces from which
one may try to construct faces of polyhedra. In this paper, we use bisectors (equidistant hypersurfa-
ces in complex hyperbolic space) as a substitute for totally geodesic hypersurfaces. We formulate
and prove PoincareH ’s polyhedron theorem for one special class of polyhedra in complex hyperbolic
space bounded by bisectors. This weak form of PoincareH ’s polyhedron theorem is su$cient for our
purpose. We hope that it will be also useful for other constructions of discrete groups.
The outline of the paper is as follows. Section 2 reviews the geometry of complex hyperbolic
space. In Section 3, we study the properties of Toledo’s invariant for the representations of
Fuchsian groups acting on the hyperbolic plane with non-compact "nite area quotient. Section 4
contains the main constructions. In Section 5, we prove PoincareH ’s polyhedron theorem and
discreteness of the groups in Section 4. The "gures were produced by Bill Goldman using the
programme HEISENBERG. We would like to thank him for this.
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2. Preliminaries
2.1. Complex hyperbolic space
Let Cm,1 denote the complex vector space of dimension m#1, equipped with a non-degenerate
Hermitian form of signature (m,1). There are several such forms. The most standard is the following
which Epstein calls the ,rst Hermitian form [4]
Sz,wT
1
"z
1
wN
1
#z
2
wN
2
#2#z
m
wN
m
!z
m‘1
wN
m‘1
.
For our discussion we will be interested in the following form, called the second Hermitian form
in [4]
Sz,wT
2
"z
1
wN
m‘1
#z
m‘1
wN
1
#z
2
wN
2
#2#z
m
wN
m
.
When our discussion does not depend on the form chosen we simply write it as Sz,wT. Consider the
following subspaces in Cm,1:
<
0
"Mz3Cm,1 : Sz, zT"0N
<"Mz3Cm,1 : Sz, zT(0N.
Let P : Cm,1CM0NPCPm,1 be the canonical projection onto the complex projective space. Then
HmC"P (<) equipped with the Bergman metric is complex hyperbolic space. The biholomorphic
isometry group of HmC is PU(m, 1) acting by linear projective transformations. Here PU(m, 1) is the
projective unitary group with respect to the Hermitian form de"ning Cm,1. Changing the form
conjugates Cm,1 by a Cayley transform (see [17] for a discussion of this). The full isometry group is
generated by PU (m, 1) and complex conjugation.
The nontrivial elements of PU (m, 1) fall into three general conjugacy types, depending on the
number and location of their "xed points.
f Elliptic elements have a "xed point in HmC .
f Parabolic elements have a single "xed point on S2m~1 .
f ‚oxodromic elements have exactly two "xed points on S2m~1 .
This exhausts all possibilities, see [2,4] for details.
A parabolic element is unipotent if it can be represented by a unipotent element of U (m, 1), i.e.
a linear transformation having 1 as its only eigenvalue. A parabolic element is screw-parabolic if it is
not unipotent.
2.2. The Heisenberg group
Put S2m~1"P (<
0
). Then S2m~1 is the boundary of HmC . Just as the boundary of real hyperbolic
space may be identi"ed with the one point compacti"cation of Euclidean space, so the boundary of
complex hyperbolic space may be identi"ed with the one point compacti"cation of the Heisenberg
group. We now collect some of the basic facts about the Heisenberg group that will be used later.
The (2m!1)-dimensional Heisenberg group N is the set Cm~1]R with the product
(z, t)w (z@, t@)"(z#z, t#t@#2ISSz, z@TT)
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where SSz, z@TT is the standard positive-de"nite Hermitian form on Cm~1 (and so ISSz, z@TT is the
standard symplectic form on Cm~1). The projection onto the "rst factor P:NPCm~1 given by
P(z, t)"z is called vertical projection.
The Heisenberg norm assigns to q"(z, t) in N the nonnegative real number
Dq D"(Dz D4#t2)1@4.
The function d(q, q@)"Dq~1wq@D de"nes a distance, the Cygan metric, on N.
The Heisenberg group acts on itself by Heisenberg (left) translation. Heisenberg translations by
(0, t) for t3R are called vertical translations.
The unitary group U (m!1) acts on the Heisenberg group by Heisenberg rotation. For an
element A of U(m!1), the basic example is
A : (z, t)P(Az, t).
All other Heisenberg rotations may be obtained from these by conjugating by a Heisenberg
translation. Heisenberg translations and rotations are isometries with respect to the Cygan metric.
Other rotations (which arise from the restriction toN of antiholomorphic isometries of complex
space) are Heisenberg inversions. The simplest example is
n : (z, t)P(zN , !t ).
Positive scalars j3R
‘
act on N by Heisenberg dilations:
dj : (z, t)P(jz, j2t).
Heisenberg translations, rotations, inversions and dilations generate the group Sim(N) of
Heisenberg similarities.
2.3. The Siegel domain
A convenient model for the complex hyperbolic space HmC is the Siegel domain Z.
In horospherical coordinates (f, v, u) (see [10,7]) the Siegel domainZ of complex dimension m is
Z"N]R
‘
"Cm~1]R]R
‘
LCm. The boundary of Z is given by H
0
XMq
=
N, where q
=
is
a distinguished point at in"nity and H
0
"N]M0N. The Bergman distance o between points
p, q3Z is given by
cosh2A
o (p, q)
2 B"
Sp, qTSq, pT
Sp, pTSq, qT
.
The second Hermitian form is best adapted for the Siegel domain. Points ofZ and its boundary
are given by the image of the following map t :ZM PCPm,1 where
t : (f, v, u)CC
!(DfD2#u!iv)/2
f
1 D for (f, v, u)3Z1 !Mq=N; t : q=C C
1
0
0D .
In what follows, we will identify the one-point compacti"cation of the Heisenberg groupN with
the boundary H
0
XMq
=
N of the Siegel domain Z and use the coordinates (f, v, 0) or (z, t) in N.
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The Heisenberg group N carries a natural (canonical) contact structure, that is a totally
non-integrable codimension-one plane "eld EL„N. Using the identi"cation above, one can
describe this plane "eld as follows: for each p3LZ,
E
p
"„
p
LZWJ („
p
LZ),
where J is the almost complex structure on the complex space Cm.
2.4. Chains and R-circles
There are two types of totally geodesic submanifolds of complex hyperbolic space: complex
linear subspaces and totally real subspaces.
A C-linear subspace ‚ intersects HmC in a totally geodesic holomorphic submanifold. The
intersection of a complex line with HmC is called a complex geodesic and its intersection with LHmC is
called a chain C"L‚. Chains passing through q
=
are called vertical or in,nite. A chain which does
not contain q
=
is called ,nite.
If ‚ is a complex linear subspace, then there is a unique inversion in PU (m, 1) whose "xed-point
set is ‚. It acts on LHmC "xing C"L‚. For example, inversion in the vertical axis f"0 gives rise to
the usual Euclidean rotation on the Heisenberg group
n
C
: (z, t)P(!z, t).
The standard example of "nite hyperchain is C, the boundary of ‚"Hm~1C LHmC where the last
positive coordinate is taken to be zero. This means that C is given by
C"M(z, t)3N : DzD"1, t"0N.
As a map of the Heisenberg group, this inversion n
C
:NXq
=
PNXq
=
is given by
n
C
: (z, t)PA
z
DzD2!it ,
!t
DzD4#t2B .
This inversion n
C
interchanges the origin q
o
3N and the point at in"nity q
=
.
Every "nite hyperchain is obtained from this one by a Heisenberg similarity, and every inversion
in a "nite hyperchain is obtained from n
C
by conjugating by a Heisenberg similarity.
A totally real geodesic subspace in HmC is PU (m, 1)-equivalent to real hyperbolic k-space
HkRLHmC (where k)m), embedded as the real linear subspace with all coordinates real and all but
the "rst k coordinates zero.
The intersection of a totally real geodesic subspace in HmC of dimension 2 with LHmC is called an
R-circle. An R-circle R is horizontal with respect to the canonical contact structure E onN, that is,
for each p3R, the tangent space „
p
R lies in E
p
. Just as for chains, an R-circle in N is one of two
types, depending on whether or not it passes through q
=
. An R-circle R is called in,nite if and only
if it contains q
=
, otherwise, it is called ,nite.
For example, the in"nite R-circle corresponding to the standard totally real subspace H2RLH2C
is the real axis:
R]M0NLN"M(z, t)3N : I(z)"t"0N.
Every in"nite R-circle is obtained from this one by a Heisenberg similarity.
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An example of a "nite R-circle is the boundary of the purely imaginary R-plane in H2C [7]. We
denote it by RJ and call it the purely imaginary R- circle. It is given by
RJ"M(z, t)3N : R (z (1#DzD2#it))"0, DzD4#t2"1N.
Every "nite R-circle may be obtained from this one by applying a Heisenberg similarity.
If R is a totally real geodesic subspace, then there is a unique inversion (antiholomorphic
automorphism of HmC) whose "xed-point set is R; we denote it by nR . For example, inversion in the
standard totally real subspace H2RLH2C gives rise to the following re#ection in the real axis
n
R
: (z, t)P(zN ,!t)
on the Heisenberg group.
Inversion in RJ is given by
nJ : (z, t)PA
!zN
DzD2#it ,
t
DzD4#t2B .
This inversion nJ interchanges the origin qo3N and the point at in"nity q= .
2.5. Bisectors and spinal spheres
Let z, z@3HmC be distinct points. Then the bisector equidistant from z and z@ (or the bisector of
Mz, z@N) is de"ned as
B"B(z, z@)"Mw3HmC : o(w, z)"o(w, z@)N.
Although bisectors are not totally geodesic, they are foliated by complex totally geodesic submani-
folds along a geodesic, as described by Mostow [14]. Let R be a unique complex geodesic
containing z and z@ (this complex geodesic is called the complex spine or C-spine of B) and let
PR :HmCPR be orthogonal projection: for each s3R, the complex hyperplane orthogonal to R at
s equals the preimage P~1R (s). In R, the geodesic
p"B(z, z@)WR
is the orthogonal bisector of the geodesic segment from z to z@ and is called the spine of B(z, z@).
Mostow proved that B(z, z@)"P~1R (p). The C-hyperplanes P~1R (s) for s3R are called the slices of
B(z, z@). A bisector determines and is completely determined by its spine [14,7]. For this reason,
Mostow calls bisectors spinal surfaces, and Goldman calls their boundaries spinal spheres. The
endpoints of the spine p of B are called the vertices of the bisector B as well as the corresponding
spinal sphere LB. Also, we call the boundary of a slice of the bisector B the slice of the spinal sphere
LB and the boundary of the complex spine of the bisector B the complex spine of the spinal
sphere LB.
A bisector or spinal sphere whose complex spine R is bounded by a vertical chain is called
vertical. Equivalently LR contains q
=
. Every vertical spinal sphere is either a contact plane (see
above) if one of its vertices is q
=
or else is obtained from the unit spinal sphere by Heisenberg
translations and dilations.
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Bisectors decompose into totally real geodesic subspaces as well as complex hyperplanes [7]. We
refer to the Rn-planes containing the spine as the meridians of the bisector B and the spheres (circles
in dimension 2) LRn containing the vertices as the meridians of the spinal sphere LB. It is easy to see
that for each slice (respectively meridian) of a bisector B, inversion in this slice (respectively
meridian) leaves B invariant.
Basic examples of spinal spheres are the horizontal hyperplane and the unit spinal sphere.
The horizontal hyperplane is given in Heisenberg coordinates as
M(z, t)3N : t"0N+Cm~1,
which corresponds to the contact hyperplane at the origin. The slices are the concentric round
spheres centred at the origin and the meridians correspond to the totally real linear subspaces of
Cm~1. In dimension m"2, the meridians are just the Euclidean straight lines in the horizontal
plane which pass through the origin.
All spinal spheres having q
=
as a vertex are obtained from this by Heisenberg translations. In
particular, the spinal sphere with one vertex q
=
and other vertex p"(z
0
, t
0
)3N is the hyperplane:
M(z, t)3N : t"t
0
!2ISSz, z
0
TTN
which corresponds to the contact hyperplane at p.
In what follows, we will identify the Heisenberg groupNwith the tangent space „
p
N and spinal
spheres having q
=
as a vertex with the corresponding contact planes.
The unit spinal sphere in N is described by
M(z, t)3N : DzD4#t2"1N.
This is the unit sphere in the Cygan metric centred at the origin. Its vertices are p
‘
"(0, 1) and
p
~
"(0,!1) and its complex spine is the vertical axis. The slices of the unit spinal sphere are round
spheres whose centres lie on the vertical axis. Its meridians may be obtained from the purely
imaginary R-plane by applying Heisenberg rotations about the vertical axis.
It is clear that the unit spinal sphere is vertical. By applying Heisenberg similarities, we easily see
that a spinal sphere is vertical if and only if it is also a Cygan sphere.
3. Toledo:s invariant
3.1. Cartan+s angular invariant
Let u"(u
1
, u
2
, u
3
), u
i
3HmC XRHmC , be a triple of distinct points. Choose lifts uJ i3C(m,1); then
Cartan’s angular invariant A(u) is de"ned to be the argument of the complex number
!SuJ
1
, uJ
2
TSuJ
2
, uJ
3
TSuJ
3
, uJ
1
T.
Then A (u) is independent of the chosen lifts and satis"es the properties:
f !p/2)A(u) p/2 .
f A (u)"0 if and only if (u
1
, u
2
, u
3
) lie on an R-circle.
f A (u)"$p/2 if and only if (u
1
, u
2
, u
3
) lie on a chain.
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f If u, u@ are two such triples, then A(u)"A(u@) if and only if there exists g3PU(m, 1) such that
g(u)"g(u@).
f If u, u@ are two such triples, then A(u)"!A (u@) if and only if there exists an antiholomorphic
automorphism g of HmC such that g(u)"g(u@).
f If s3S
3
is a permutation, then
A (u
s(1)
, u
s(2)
, u
s(3)
)"sign (s)A(u
1
, u
2
, u
3
).
For the proof of these properties, see [7].
3.2. Toledo+s invariant
Let S be a Riemann surface, not necessary compact but with negative Euler characteristic, and let
o : n
1
(S)PPU (m, 1) be a representation of its fundamental group in PU (m, 1). Let D denote the
universal covering of S and u denote the KaK hler form of HmC. The representation o determines a #at
bundle over S with "bre HmC . Since HmC is contractible, this bundle has a section, which is equivalent
to an equivariant map: f : DPHmC , satisfying f (cx)"o (c) f (x), for all x3D and c3n1 (S). The form
f *u is invariant under the action of n
1
(S) on D, hence descends to a form on S that will still be
denoted by f *u. Then, „oledo’s invariant, see [21], is de"ned to be
q(o)" 1
2n P
S
f *u.
It is easy to see that the value q(o) does not depend on the choice of f and, therefore, q (o) is well
de"ned as a function of o.
In [21,20,3], it has been proven that if the Riemann surface S is compact of genus g’1, then q(o)
satis"es the properties:
f 2!2g)q (o) 2g!2,
f Dq (o)D"2g!2 if and only if the image of o leaves a complex geodesic in HmC invariant.
Moreover, q(o) is an integer for discrete faithful representations o [20,11].
In the next section, we will show that these two properties are also true for non-compact
Riemann surfaces S with "nite area. Let S be such a surface with genus g and n’0 punctures where
2g!2#n’0. Then we will show
f 2!2g!n)q(o) 2g!2#n,
f Dq (o)D"2g!2#n if and only if the image of o leaves a complex geodesic in HmC invariant.
3.3. Bounded cohomology and Toledo+s cocycle
We recall the de"nitions and basic properties of Gromov’s norms, see [12].
3.3.1. Homology
Let X be any topological space, C
*
"C
*
(X) the real chain complex of X. A chain c3C
*
is
a "nite combination +
i
r
i
p
i
of singular simplices p
i
in X with real coe$cients r
i
. The simplicial
l1-norm in C
*
is de"ned to be DDcDD"+
i
Dr
i
D. If a is an element of the homology H
*
"H
i
(X,R), then its
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l1-norm is de"ned as follows:
EaE"inf
z
EzE ,
where z runs over all singular cycles representing a3H
*
.
For a closed manifold <, its simplicial volume E<E is de"ned to be the simplicial norm of its
fundamental class.
If < is open, then its fundamental class is represented by locally ,nite cycles c"+=
i/1
r
i
p
i
, such
that each compact subset of < intersects only "nitely many simplices p
i
. Its l1-norm DDcDD"+=
i/1
Dr
i
D
may be in"nite and the corresponding simplicial volume E<E also may be in"nite.
We have the following two important examples, see [12]:
Example 1. Let S be a closed oriented surface with Euler characteristic s(0 of constant negative
curvature !1. Then the simplicial volume of S is
ESE"2 D s (S)D .
Example 2. Let <n be an n-dimensional complete non-compact hyperbolic manifold of "nite
volume. Then the simplicial volume of <n is
E<E"R~1
n
<ol(<n),
where R
n
is the volume of the regular ideal simplex in n-dimensional real hyperbolic space with all
vertices at in"nity.
As a corollary, we have the following theorem:
Theorem 3.1. ‚et S be a complete Riemann surface of ,nite area, say S has genus g and n punctures.
„hen the simplicial volume (area) of S is
ESE"1
p
Area (S)"4g!4#2n.
3.3.2. Cohomology
Let & be the set of all singular simplices p :*PX, and C*"C* (X) be the real cochain complex
of X. The l=-norm of a cochain c3C* is de"ned to be
EcE"EcE
=
"sup
p|&
Dc (p) D .
A cochain c3& is called bounded if its norm EcE is "nite.
For cohomology class b3H* (C
*
; R), its norm is de"ned to be
EbE"EbE
=
"inf
y
EyE ,
where y runs over all cocycles representing b. A cohomology class b is called bounded if its norm
EbE is "nite.
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The basic properties of these norms (on homology and cohomology) that we will need are the
following:
1. Db (a) D)EbE ) EaE,
2. If f : XP> is continuous, then E f *bE)EbE and E f
*
aE)EaE .
3.3.3. Straight cochains and „oledo1s cocycle
Let C be a Fuchsian group acting freely on the hyperbolic plane D and S"D/C. Then the
complex of straight cochains of S is de"ned to be the complex of Borel measurable functions
c : D]2]DPR
which are invariant under the action of C, that is,
c(cx
0
,2 , cxk )"c (x0,2,xk )
for all c3C and for all x
0
,2 ,xk3D .
Straight k-cochains are therefore functions on Dk‘1/C, and the points of Dk‘1/C are in
one-to-one correspondence with the geodesic singular k-simplices on S. Finite linear combinations
of points of Dk‘1/C are called straight chains. These two complexes (straight chains and cochains)
compute the homology and cohomology of S [12].
One of the important examples of straight cochains is Toledo’s cocycle which is de"ned as
follows.
Let S be a Riemann surface (not necessary compact), D be the universal covering of S, C be
a Fuchsian group acting freely on D such that S"D/C. Let o : CPPU (m,1) be a representation of
C in PU (m,1), and let f :DPHmC be an equivariant map which induces o.
The „oledo’s cocycle c (o, f ) is the straight cochain on S de"ned by the formula
c (o, f ) (x
0
, x
1
, x
2
)"P
(fx0,fx1,fx2)
u
where u denotes the KaK hler form of HmC, and ( fx0, fx1, fx2) denotes a geodesic triangle in HmC with
vertices fx
0
, fx
1
, fx
2
. Since u is an exact form on HmC , its integral over a triangle depends only on
the boundary, therefore, the value of the integral is independent of the choice of triangle "lling in
the edges.
The following theorem [21, 7] gives a relation between Toledo’s cocycle and Cartan’s angular
invariant.
Theorem 3.2. ‚et p"(p
1
, p
2
, p
3
), p
i
3HmC XLHmC , be a triple of distinct points, * (p) be the 1-cycle with
edges the oriented geodesics with vertices p
i
, pLHmCXLHmC be a singular 2-chain with Lp"*(p). „hen
Ppu"2A (p).
Corollary 3.1. „oledo1s cocycle represents a bounded cohomology class on S, and its norm satis,es the
inequality
Ec (o, f )E)n.
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3.3.4. Inequality for „oledo1s invariant
Let S be a Riemann surface of "nite area, Area(S)"2n(2g!2#n)(R and let
o : n
1
(S)PIsom (HmC ) be a representation of its fundamental group in the isometry group of
complex hyperbolic space HmC . Let f : DPHmC be an equivariant map which induces o.
Theorem 3.3. „oledo1s invariant q (o) of the representation o satis,es the inequality:
Dq (o) D) 1
2p
Area (S)"2g!2#n.
Proof. Toledo’s invariant q(o) multiplied by 2n is the evaluation on [S], the fundamental class of
S (which is understood for non-compact Riemann surfaces as in Section 3.3.1), of Toledo’s cocycle
c (o, f ). By Corollary 3.1, the norm of this cochain is at most n. By Theorem 3.1, ESE"
(1/n)Area (S). Using the properties of Gromov’s norms, we get
Dq (o) D" 1
2p
Dc (o, f ) ([S])D) 1
2n
Ec (o, f )E ) E S E) 1
2p
Area (S)
which proves the theorem. K
We remark that formula (2.1) in [21] holds also in the case of non-compact Riemann surfaces
S with "nite area for representations o with maximal Toledo invariant. Then applying word for
word arguments used to prove the main result of [21], we get the following theorem.
Theorem 3.4. If Dq (o) D"(1/2p)Area(S), then the image of o leaves a complex geodesic in HmC
invariant.
In the next section, we will show that this does not imply the local rigidity of C-Fuchsian
representations with non-compact "nite area quotient. This is related to the fact that when the
Riemann surface S is not compact, Toledo’s invariant is not an integer even for discrete faithful
representations, o contrasting with the compact case. We will construct deformations (a path of
discrete faithful representations) of free C-Fuchsian groups uniformizing a non-compact Riemann
surface with "nite area and which are quasi-Fuchsian. Toledo’s invariant for these representations
runs through some closed interval of real numbers.
4. Fuchsian groups with limit set a chain and their deformations
4.1. Outline
In this section, we construct discrete ideal triangle groups, in other words subgroups of the full
isometry group of H2C generated by three inversions in R-circles and which are C-Fuchsian, that is
their limit set is a chain. We then go on to show that these groups are #exible as subgroups of
Isom (H2C). This means that we can continuously deform these groups to isomorphic groups which
remain discrete but whose limit sets are fractal Jordan curves. The index two subgroup of the initial
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group that lies in the group of holomorphic isometries of H2C are free discrete C-Fuchsian groups
generated by two parabolic elements whose product is also parabolic. By taking the corresponding
index two subgroup of holomorphic isometries in our deformed group we construct deformations
of this group inside PU (2, 1).
There is one major di!erence between the construction of these ideal triangle groups and their
deformations and the similar constructions in [9] of ideal triangle groups generated by inversions
in three chains where the limit set of the initial group is an R-circle. This di!erence is the following.
For the groups considered in [9], the three classes of parabolic elements were all unipotent, both in
the initial group and throughout the deformation. On the other hand, it is well known that if the
product of two parabolic elements in SU(1, 1)+SL(2,R) with distinct "xed points is also parabolic,
then all three traces cannot be #2. This means that when we lift such a group to PU(2, 1), the three
classes of parabolic element cannot all be unipotent (compare the discussion in [16]). Our
deformations exploit this fact and involve screw-parabolic elements of PU(2, 1). In the deformation
we construct, three things happen to the three conjugacy classes of parabolic elements. First, one
class is initially unipotent and remains so throughout the deformation. Secondly, one class is
initially unipotent but as we make the deformation it immediately becomes screw-parabolic, the
angle of twist increasing from zero. Thirdly, one class is initially screw-parabolic with rotational
part having angle of twist p. As we make the deformation, this angle increases to 2p, when the
elements of this conjugacy class become unipotent.
Therefore, as we make our deformation the conformal structure of the cusps in the quotient
manifold changes. This appears to be the reason such deformations exist and contrasts with the
rigidity of groups without parabolic elements. We expect there are similar deformations where the
screw-parabolic elements have other angles of twist. Indeed, suppose we perform our deformation
until we have two classes of unipotent elements, then swap their roles when deforming back again.
Doing this we reach a di!erent Fuchsian group. This is connected to our initial group by a trivial
deformation (see the last section). By doing this we have constructed a closed loop in deformation
space. Is this loop homotopically trivial? In other words, can we construct other deformations
through discrete groups which interpolate between these two? We expect so, but the main problem
is to show discreteness.
Another important di!erence between of our ideal triangle groups and the ideal triangle groups
in [9] is the following. Ideal triangle groups generated by inversions in three complex geodesics are
parametrised (up to conjugation) by a single real number, Cartan’s angular invariant. This is
because for any "xed triple of distinct points on the boundary of complex hyperbolic space there is
only one con"guration of three complex geodesics forming a triangle. Cartan’s angular invariant
exactly parametrises all such (ordered) triples of boundary points up to equivalence in Isom (H2C ).
Thus the answer to the question of when these groups represent discrete embeddings is given only
in terms of Cartan’s angular invariant of the corresponding triples. So the deformation space of
these groups is one-dimensional. This is not the case for ideal triangle groups generated
by inversions in three R-planes: these groups are not de"ned uniquely by Cartan’s angular
invariant of the de"ning triple. This is because a pair of points on the boundary of complex
hyperbolic space lie on many R-circles but only on one chain. Thus the deformation space of such
groups is more rich.
We call a discrete group GLIsom(H2C ) Fuchsian of the ,rst kind, if the limit set of G is a chain or
an R-circle. When we want to distinguish the two cases, we say that such a group is C-Fuchsian or
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R-Fuchsian respectively. We call a discrete group GLIsom (H2C ) weakly quasi-Fuchsian, if the limit
set of G is a fractal Jordan curve.
We now introduce the notation that will be used throughout the rest of the paper. For each
h3[0, p/4] we consider a triple of points u(h)"(u
0
, u
1
, u
2
) in LH2C . Applying a complex hyperbolic
isometry if necessary, we assume that u
0
"qh , u1"q= and u2"qo (the origin (0,0)3N). We
construct R-circles R
0
"R
0
(h), R
1
(h), R
2
(h) so that R
i
(h) and R
j
(h) have a unique point of
intersection u
k
where Mi, j, kN"M0, 1, 2N. Let n
j
(h) denote the inversion in the R-circle R
j
(h) and let
C(h) be the subgroup of Isom(H2C) generated by these inversions
C(h)"Sn
0
, n
1
(h), n
2
(h)T.
We also want to consider the index 2 subgroup G (h) of C(h) lying in PU(2, 1). This is generated by
fh"n0n1(h) and gh"n2(h)n0 . That is,
G (h)"S fh , ghT.
We obtain representations oh3Hom (Z2*Z2*Z2, Isom (H2C)) given by
oh : Z2*Z2*Z2PC(h),
and o*h 3Hom(F2, PU (2, 1)) given by
o*h : F2PG(h),
where F
2
is the free group on two generators.
We will show that the representations oh are not conjugate and so the map hCoh gives
a continuous one-parameter family of distinct representations (using the compact open topology
on Hom(Z
2*
Z
2*
Z
2
, Isom (H2C))). Similarly, the map hCo*h gives a continuous one-parameter family
of distinct representations. We do this by "nding Cartan’s invariant A for the triple uh . We also give
fh and gh as matrices in PU(2, 1). We then "nd the Toledo invariant q for the representations o*h .
Finally we show that the groups C(h) and G(h) are discrete and the representations oh and o*h are
faithful for all h3[0,p/4]. In order to do this, we prove a version of PoincareH ’s polyhedron theorem
and then construct fundamental polyhedra for the groups C(h) and G (h).
Also, this implies that for all 0(h)p/4, the limit set of the group C (h) is neither a chain nor an
R-circle, that is, C(h) is not Fuchsian. Since the group C(h) is not elementary, the "xed points of
loxodromic elements of C(h) are dense in its limit set. Using this and applying standard arguments
similar to those in the classical theory of Kleinian groups, we get that the limit set of C(h) is a fractal
Jordan curve for all 0(h)p/4, that is, C(h) is quasi-Fuchsian for these parameters h. (In fact, one
can easily prove that if the limit set of a discrete subgroup G of the isometry group of complex
hyperbolic space is a Jordan curve c, then c is di!erentiable in the "xed points of loxodromic
elements of G if and only if c is either a chain or R-circle.)
4.2. The C-Fuchsian group
First, we construct a speci"c example: the Fuchsian ideal triangle group which admits nearby
quasi-Fuchsian deformations. Throughout this section we will use coordinates (z, t) on N and
where necessary we will write z"x#iy as usual.
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Let C
V
be the vertical chain through the origin q
o
in N. This is given by q
=
together with all
points (x#iy, t)3N with x"y"0:
C
V
"M(x#iy, t)3N:x"y"0NXMq
=
N.
Let S denote the Heisenberg sphere of radius 1 centred at the point p"(0, 1). One vertex of S is at
the origin and the other is at the point q
0
"(0, 2). Observe that S is the image of unit spinal sphere
under vertical Heisenberg translation by (0, 1). Let ‚ be the &&circle’’ which is the intersection of
S with the plane My"0N. Clearly ‚ is given by
‚"M(x#iy, t)3N: y"0, x4#(t!1)2"1N.
Let R
2
(0) be the R-circle given by
R
2
(0)"M(x#iy, t)3N : y"0, t"2NXMq
=
N.
This is tangent to the spinal sphere S at the point q
0
"(0, 2). Let R
1
(0) be the unique "nite R-circle
lying on S (that is a meridian of S) tangent to R
2
(0) at q
0
. Of course, all meridians of S pass through
q
0
as it is a vertex. It is easy to see that one can obtain R
1
(0) from the purely imaginary R-circle by
"rst applying vertical Heisenberg translation by (0, 1) and then applying the Heisenberg rotation
through !p/4 about C
V
. It is given by the equations
R
1
(0)"M(x#iy, t )3N : (x2#y2)2"2xy, t!1"1!(x2#y2) y/xN.
The other vertex of S is the origin inN. This lies on the y-axis which is also an in"nite R-circle.
We will denote it by R
0
:
R
0
"M(x#iy)3N: x"0, t"0NXMq
=
N.
Moreover, R
1
(0) is tangent to R
0
at the origin but R
2
(0) is orthogonal to R
0
at q
=
. Let n
0
, n
1
(0) and
n
2
(0) denote the inversions in R
0
, R
1
(0) and R
2
(0), respectively. These inversions are given by
n
0
: (z, t)C (!zN , !t)
n
1
(0):(z, t)CA
zN
t!1!i DzD2 ,
DzD4#t (t!1)
DzD4#(t!1)2B
n
2
(0): (z, t )C (zN , !t#4).
All three inversions preserve the chain C
V
. The ideal triangle group C(0) is generated by the three
inversions n
0
, n
1
(0) and n
2
(0). It is clearly C-Fuchsian with limit set C
V
. Indeed C(0) is the group
generated by re#ections in the sides of an ideal geodesic triangle in the hyperbolic plane H1CLH2C .
4.3. Deforming the C-Fuchsian group
Consider now the following family of R-circles lying on S. For each h3(0, n/4] let Ah be the
Heisenberg rotation through angle !h about C
V
. Then R
1
(h) is the image of R
1
(0) under Ah . It is
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given by the equations:
R
1
(h)"G(x#iy, t)3N:
(x2#y2)2"2xy cos(2h)#(x2!y2) sin(2h)
t!1"cos(2h)!(x2#y2#sin(2h))y/x H .
It is clear that the family of R-circles R
1
(h) depends continuously on h for all h3[0, p/4].
For 0(h)p/4, let qh denote the unique point of the intersection of ‚ and R1 (h) having positive
x and t-coordinates. This means that qh"(sin1@2 (2h), 1#cos (2h)). It follows that qhPq0 as hP0
and qn@4"(1, 1). Let „h be the tangent plane to the surface S at the point qh. It is given by the
following equation:
„h"M(x#iy, t)3N: (t!1) cos (2h)"2!cos2(2h)!2sin3@2 (2h)xN.
Then it is easy to see that for 0)h(p/4, „h is a contact plane. Moreover, it is a spinal sphere with
one vertex at q
=
and the other at ph , where
ph"(!i sin3@2(2h)/cos(2h), 1#(2!cos2(2h))/cos(2h)).
Thus phPq0 as hP0. Also, for h"p/4, „h is the vertical plane x"1 (which is a fan, see [10]).
For 0(h)p/4, let R
2
(h) be the intersection of the plane „h and the contact plane at the point
qh . By applying a suitable Heisenberg translation to the horizontal hyperplane, we see that the
contact plane at qh is given by the equation
t!1"cos (2h)!2 sin1@2 (2h)y .
It follows from this construction that R
2
(h) is the in"nite R-circle passing through the points qh and
ph . Moreover, this implies that R2 (h)PR2(0) as hP0. It is easy to see that R2(h) is given by the
equations
R
2
(h)"G(x#iy, t)3N:
x sin (2h)!y cos (2h)"sin3@2(2h),
t!1"cos (2h)!2sin1@2 (2h)y HXMq=N .
So, we have constructed the family of in"nite R-circles R
2
(h) which depends continuously on h, for
0)h)p/4. It is also clear that the only point of intersection of R
0
and R
1
(h) is q
o
"(0, 0)3N, the
only point of intersection of R
0
and R
2
(h) is q
=
and the only point of intersection of R
1
(h) and R
2
(h)
is qh . Moreover, by direct computation we see that A(qh, q=, q0)"n/2!h. Therefore, for each
h3[0, n/4] we obtain con"gurations of R-circles that are not PU (2, 1) equivalent.
Let n
1
(h) and n
2
(h) denote the inversions in R
1
(h) and R
2
(h), respectively. Consider the group C(h)
generated by the three inversions n
0
, n
1
(h) and n
2
(h), where n
0
is inversion in the y-axis R
0
as before.
As above, we have a representation oh : Z2*Z2*Z2PC(h). Since the con"gurations of
R-circles are not PU(2, 1) equivalent we obtain a continuous one-parameter family of distinct
representations.
4.4. Construction of free quasi-Fuchsian groups generated by two parabolic elements
As before, let fh"n0n1(h) and gh"n2 (h)n0 and consider the group they generate, which we denote
by G(h)"S fh, ghT. We need the following lemma.
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Lemma 4.1. ‚et R
a
and R
b
be two R-circles which intersect at a single point p, and let n
a
and n
b
be the
corresponding inversions. „hen f"n
a
n
b
and g"n
b
n
a
are parabolic elements ,xing p. Moreover, if
/3[0, n/2] is angle between the vertical projections P(R
a
) and P(R
b
) at P(p), then the rotational part
of f and g is $2/. In particular, f and g are unipotent if and only if R
a
and R
b
are tangent at p.
Proof. Choose Heisenberg coordinates so that p"q
=
. Then R
a
and R
b
are represented by
Euclidean straight lines. We consider three cases:
1. R
a
and R
b
have the same vertical projection,
2. the vertical projections of R
a
and R
b
are parallel straight lines in C,
3. the vertical projections of R
a
and R
b
intersect transversely at q3C.
In the "rst case, let R@
b
"n
a
(R
b
). Then the vertical projection of R@
b
is the same as that of R
a
and
R
b
. This means that f is the vertical translation which maps R
b
to R@
b
and so is unipotent and "xes
p"q
=
. Also, g"f~1 so it too is unipotent and "xes p.
In the second case, again denote n
a
(R
b
) by R@
b
. Then the vertical projection of R@
b
is parallel to the
vertical projection of R
a
. Thus f is a (non-vertical) Heisenberg translation which maps R
b
to R@
b
. So,
f and g"f~1 are unipotent parabolic elements "xing p.
In the third case, let C be the vertical chain passing through the point q. Then C is invariant
under f. Observe that the angle between the vertical projections of R
a
and R
b
is also /. Clearly f is
the composition of a vertical translation and a Heisenberg rotation through $2/ around C. So, in
this case, f is a screw-parabolic element "xing p.
Since two in"nite R-circles are tangent at in"nity if and only if their vertical projections are
parallel straight lines in C, we have proved the lemma for the case of p"q
=
. Now consider the
images of R
a
and R
b
under an inversion that swaps q
o
3N and q
=
. It is easy to see that the angles
between the vertical projections of the new R-circles is the same as before. We may now apply
a Heisenberg translation to get the result for any p3N. This is because the vertical projection of
a Heisenberg translation is a Euclidean translation, and so is conformal. K
Applying the lemma, we see that the elements fh and gh are both parabolic. Moreover, their
product gh fh"n2 (h)n1(h) is also parabolic. It follows from the construction that the groups G(h)
yield a continuous one-parameter family of distinct representations o*h :F2PG(h) in
Hom(F
2
, PU(2, 1)), where F
2
is the free group of rank 2. Later we will show that the groups G(h) are
discrete and free on generators fh, gh for all h with 0)h)n/4.
The group G (0) leaves the chain C
V
invariant, so it is Fuchsian. Observe also that the element
f
0
is unipotent, while the element g
0
is screw-parabolic. One can see also that for 0(h(p/4, fh and
gh are both screw-parabolic. We remark that ph, the "nite vertex of „h lies on the axis of gh . This can
be seen by observing that the vertical projections of R
0
and R
2
(h) intersect in the vertical projection
of ph. Finally, when h"p/4, fh is screw-parabolic, while gh is unipotent. Using the arguments from
the previous section, we have that for 0(h(n/4, G(h) is quasi-Fuchsian.
4.5. Representation of G (h) in SU(2, 1)
Both gh and fh are biholomorphic isometries of H2C . This means that they can be written as
matrices in SU (2, 1). We now do this. This section is only necessary for proving the discreteness of
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the "nal group in the deformation we construct and provides a di!erent way of looking at our main
construction.
For convenience, in what follows we will take SU (2, 1) to be the matrices preserving the second
Hermitian form (see [17] for a characterisation of such matrices). We claim that
fh"e~2*h@3
1 0 0
0 e2*h 0
2i 0 1
.
gh"!e~4*h@3
1 2i sin3@2 (2h) e2*h i#i cos(2h)#2i sin2 (2h) e2*h
0 !e4*h !2i sin3@2 (2h)e2*h
0 0 1
.
It is easy to see that the determinants of fh and gh are both #1. Moreover, fh "xes the origin in
N and that g
=
"xes q
=
. We leave it to the reader to check that fh and gh in fact agree with the
construction of the previous sections. It can also be checked that the axis of gh is the vertical chain
where z"!i sin3@2 (2h)/cos(2h), verifying that ph lies on the axis of gh.
Now observe that
gh fh"
e~2*h#2!2i sin(2h)e2*h !2i sin3@2 (2h)e2*h !ie~2*h!i!sin(2h)e2*h
!4 sin3@2 (2h) e4*h 2i sin3@2(2h)
!2ie~2*h 0 !e~2*h
.
This is unipotent (check that its trace is #3) and "xes the point
qh"
(1#e2*h)i/2
sin1@2(2h)
1
.
5. Computation of Toledo:s invariant
In this section, we compute Toledo’s invariant for the representations above. Also we compute
Toledo’s invariant for Goldman-Parker deformations [9].
5.1. Toledo+s invariant for G(h)
Consider the group G (h)"S fh , ghT constructed in the previous section. As we have already seen,
these groups yield a continuous one-parameter family of representations o*h : F2PG(h) in
Hom(F
2
, PU(2,1)) where F
2
is the free group of rank 2. In the next section, we will show that these
representations are discrete and faithful. In this section, we assume this and compute the Toledo
invariant q (o*h ).
Let D be the hyperbolic plane, and let G be a subgroup of Isom(D) generated by two parabolic
maps f and g whose product gf is also parabolic. There is an obvious isomorphism between F
2
and
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G. In what follows, we use this isomorphism to canonically identify F
2
and G. For each h3[0, n/4],
we get a representation GPG(h)(PU(2, 1). By an abuse of notation, we still refer to this
representation as o*h . This means that o*h ( f )"fh and o*h (g)"gh so o*h is type preserving.
It is easy to see that such a group is unique (up to conjugation in the isometry group of D), and
the area of the Riemann surface S"D/G equals 2p. We recall that the image o*
0
(G) leaves the
complex geodesic C
V
invariant.
Theorem 5.1. „oledo1s invariant of the representation o*h is equal to (2/p) (p/2!h).
Proof. The representation o*h determines a #at bundle over S with "bre H2C . This bundle has
a section, which is equivalent to an equivariant mapping F : DPH2C for which F (cx)"o*h (c)F(x),
for all c3G. We know that Toledo’s invariant does not depend on the choice of F. We will
construct a particular mapping F which will therefore su$ce for computing the Toledo invariant
of o*h .
Let p
0
, p
1
, p
2
be the points on the boundary of D "xed by gf, g, f, respectively. Let l
k
be the
geodesic in D with endpoints p
i
and p
j
where Mi, j, kN"M0, 1, 2N. Let * be the triangle in D with
vertices p
0
, p
1
and p
2
(equivalently * is the triangle bounded by the geodesics l
0
, l
1
, l
2
and their
endpoints). Let p@
0
be the "xed point of fg and let l@
1
, l@
2
be the geodesics joining p@
0
to p
2
,
p
1
respectively. Then l@
1
"f (l
1
) and l@
2
"g~1(l
2
). Let *@ be the triangle with vertices p@
0
, p
1
, p
2
. The
triangle * is a fundamental domain for the group generated by re#ections across the geodesics l
j
.
A fundamental domain for G is the quadrilateral Q formed by the triangles * and *@ together with
their common edge l
0
. Let p be a point of * and p@ be its re#ection across l
0
. Then * is the geodesic
cone on the geodesics l
0
, l
1
, l
2
at p and *@ is the geodesic cone on l
0
, l@
1
, l@
2
at p@.
We now mimic this construction in H2C in order to be able to de"ne an equivariant mapping F. As
before consider the triple of points u(h)"(u
0
, u
1
, u
2
) in LH2C , where u0"qh, u1"q=, u2"qo . Recall
that u
i
is the unique point of the intersection of the R-circles R
j
(h) and R
k
(h), where Mi, j, kN"
M0, 1, 2N. Let p
i
(h) be the geodesic in H2C with endpoints uj and uk (again we assume Mi, j, kN"
M0, 1, 2N). Then p
i
(h) is contained in the totally real plane with boundary R
i
(h). In particular n
i
(h)
"xes p
i
(h) pointwise. Let b(h) be the barycentre of the triple u (h) (see [7,3]). We now "ll in the
triangle with boundary p
0
(h), p
1
(h), p
2
(h) by taking <(h) to be the geodesic cone on these three
geodesics at b(h).
We now de"ne an equivariant mapping F : DPH2C . We begin by de"ning F (pj )"uj for
j"0, 1, 2. Then we extend F to the boundary of * using an arbitrary continuous map with the
property F(l
j
)"p
j
(h). Now we de"ne F(p)"b (h) and extend F to the whole of * by insisting that
geodesic arcs from p to x3l
j
are sent in a continuous way to geodesic arcs from b (h)"F(p) to
F(x)3p
j
(h). This means that F maps * onto < (h).
This has de"ned F on the closure of *. We now extend F to *@ by observing that *@ may be
obtained from * by re#ection across l
0
. Thus, for a point x of *@, we de"ne F by "rst re#ecting
across l
0
, then applying F to get a point of<(h)LH2C, then applying n0 to this point. In other words,
F(x)"n
0
F(x@) where x@3* is the re#ection of x across l
0
. Observe that this de"nition means that if
x
1
3l
1
and x
2
3l
2
, then we have
F ( f (x
1
))"fh (F(x1))"o*h ( f )F(x1)
F (g~1 (x
2
))"g~1h (F (x2))"o*h (g~1)F (x2).
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This means we can extend the mapping F equivariantly to the whole of the hyperbolic plane D.
We now use this map to compute q(o*h ).
Consider the fundamental domain Q constructed above for the group G. The Riemann surface
S"D/G is obtained from Q by identi"cation of the equivalent points on its boundary using f and g.
We represent the fundamental class of S by a locally "nite cycle obtained by the union of locally
"nite triangulations of the ideal triangles * and *@. To this end, we choose any locally "nite
triangulation of *, then the triangulation of *@ is obtained as the image of the triangulation of
* under the re#ection in the geodesic l
0
. We consider the orientation of * given by the ordered
triple (p
0
, p
1
, p
2
). This means that we must choose an orientation of *@ given by the ordered triple
(p@
0
, p
2
, p
1
). In what follows, we will consider S with this orientation. Now
q(o*h )"
1
2p P
S
F*u" 1
2p P* F*u#
1
2p P*{ F*u
" 1
2p P
(Fp0,Fp1,Fp2)
u# 1
2p P
(Fp@0,Fp2,Fp1)
u
" 1
2p
2A (Fp
0
, Fp
1
, Fp
2
)# 1
2p
2A (Fp@
0
, Fp
2
,Fp
1
)
" 1
2p
2A (u
0
,u
1
, u
2
)# 1
2p
2A (n
0
(u
0
), n
0
(u
2
), n
0
(u
1
))
" 1
2p
2A (u
0
, u
1
, u
2
)! 1
2p
2A (u
0
, u
2
, u
1
)
" 1
2p
4A (u
0
, u
1
, u
2
)"2
p A
p
2
!hB .
Here we have used several results from Section 3. In particular, we have used the relation between
Cartan’s invariant and Toledo’s cocycle. In the penultimate line, we have used the fact that
applying an antiholomorphic complex hyperbolic isometry changes the sign of A, and in the last
line, we have used that applying an odd permutation also changes the sign of A. This gives the
result. K
Remark. It follows that Toledo’s invariant q(o*h ) of our deformation runs the interval of real
numbers [1/2, 1] in attaining the maximal value 1 for the C-Fuchsian representation q (o*
0
).
5.2. Toledo+s invariant for Goldman}Parker deformation
We recall that the deformation constructed in Goldman}Parker, see [9]. This deformation is
determined by a triple u"(u
0
, u
1
, u
2
) of distinct points in LH2C . Such a triple is parametrised up to
PU(2, 1)-equivalence by Cartan’s angular invariant A(u). In [9], it has been proved that for
DA(u)D)tan~1J35 the group C(h) generated by the inversions n
0
, n
1
, n
2
in the sides of the &&triangle
of complex geodesics’’ C
0
, C
1
, C
2
spanned by u de"nes the discrete faithful representation
oh : CPPU (2,1), where C is freely generated by three involutions. Moreover, the group C(0) leaves
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invariant an R-plane R, so C(0) is R-Fuchsian. Recently, this result has been extended by Schwartz
and holds for all u with DA(u)D)tan~1J125/3, see [18]. By one of the results in [9] if DA (u) D’
tan~1J125/3 then oh is either not discrete or not faithful.
Let G(h)"S fh , ghT be the subgroup of C(h) generated by fh"n0n1 and gh"n2n0 . Then G(h) is of
index two in C(h) and is freely generated by the parabolic maps fh and gh whose product is also
parabolic.
Theorem 5.2. „oledo1s invariant of G (h) is equal to 0.
Proof. We "x any A with DAD)tan~1J125/3 and repeat word for word all the constructions in
the proof of Theorem 5.1 keeping the same notation. The only di!erence appears in the end of the
proof, where n
0
is now holomorphic. Therefore,
A (Fp@
0
, Fp
2
, Fp
1
)"A (n
0
(u
0
), n
0
(u
2
), n
0
(u
1
))"A(u
0
, u
2
, u
1
).
Since Cartan’s invariant is antisymmetric, this implies that q(oh)"0. K
6. Discreteness
In this section, we show that the groups C(h) and G (h) constructed above are discrete. To prove
this, we use the following weak form of PoincareH ’s Polyhedron Theorem for complex hyperbolic
space.
6.1. PoincareH +s Polyhedron Theorem
Consider complex hyperbolic space HmC and denote its isometry group by Isom (HmC).
A subset DLHmC is de"ned to be a polyhedron if D is the intersection of "nitely many open
half-spaces in HmC . A half-space in HmC is a connected component of the complement of a bisector in
HmC . The closure of D has a natural cell decomposition given by the intersections of the de"ning
bisectors. The k-cells in this decomposition are called the k-faces of D. The codimension one faces
are called sides of D.
Assume now that we are given a polyhedron D, where the sides of D are pairwise identi"ed by
elements of Isom (HmC ). Below we write down conditions on D insuring that the group G, generated
by the identi"cations of the sides of D, is discrete, and that D is a fundamental polyhedron for G.
The "rst condition is that the sides of D are paired by elements of Isom(HmC ), that is, for each side
a of D, there is a side a@, not necessarily distinct from a, and there is an element g
a
3Isom(HmC ),
satisfying the following conditions.
f P1 g
a
(a)"a@,
f P2 g
a{
"g~1
a
.
The isometries g
a
are called the side pairing transformations.
f P3 g
a
(D)WD"0.
N. Gusevskii, J.R. Parker / Topology 39 (2000) 33}60 53
Let G be the group generated by side pairing transformations. Observe that if there is a side a, with
a@"a, then condition (2) implies that g2
a
"1. If this happens, the relation g2
a
"1, is called
a re-ection relation.
f P4 for any two sides a and b of D, either they are tangent at some point p lying on the
boundary of HmC , or their closures are disjoint.
This last condition is equivalent to saying that D has only codimension one faces.
The side pairing transformations induce an equivalence relation on DM , the closure D in HmC , where
each point of D is equivalent only to itself. Let D* be the space of equivalence classes, with the usual
topology. Also, there is the natural metric on D*, see [13,5].
f P5 D* is complete.
Suppose now that we have two sides that are tangent at some point p"p
1
on the boundary of
HmC; call one of these sides a1
. Let g
1
be the side pairing transformation with g
1
(a
1
)"a@
1
, and let
p
2
"g
1
(p
1
). If p
2
is not also a point of tangency of a@
1
and some other side, there is nothing further
to do; if it is, then call the other side a
2
, "nd the side pairing transformation g
2
with g
2
(a
2
)"a@
2
, set
p
3
"g
2
(p
2
), and continue. Since D has a "nite number of sides, after a "nite number of steps,
we return to p"p
1
. That is, we "nd side pairing transformations g
1
,2, gk with g (p)"
g
k 323g1(p)"p. We call g the cycle element at p.
f P6 every cycle element at every point of tangency of the sides of D is parabolic.
Theorem 6.1. Assume that the ,nite sided polyhedron DLHmC satis,es conditions P1}P5 above.
„hen the group G generated by the side pairing transformations is discrete, D is a fundamental
polyhedron for G, and the re-ection relations form a complete set of relations for G.
Proof. This theorem is a particular case of Lemma 5 in Mostow’s paper [14]; see also [5]. K
In order to use this version of PoincareH ’s theorem, the condition P5, stating that D* is complete,
is the hardest to verify. In this section we show that, in the particular con"gurations we consider,
that condition P6 is equivalent to P5. This means we have:
Theorem 6.2. Assume that the ,nite sided polyhedron DLHmC satis,es conditions P1}P4 and P6
above. „hen the group G generated by the side pairing transformations is discrete, D is a fundamental
polyhedron for G, and the re-ection relations form a complete set of relations for G.
Let p be a point of tangency of some pair of sides of D. Following Epstein and Petronio [5], we
de"ne a consistent horosphere H
p
at a p to be a horosphere based at p so that the only sides of the
developing image intersecting H
p
are those with p on their boundary. The proof of the previous
theorem follows from the following lemma.
Lemma 6.1. Assume that the ,nite sided polyhedron DLHmC satis,es conditions P1}P4, then P5 is
equivalent to P6.
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Proof. We show that there is a consistent horosphere at every point of tangency of sides of D. The
result will then follow by applying arguments similar to those in Theorem 6.3 of [5]. Their
arguments apply to real hyperbolic space but it is clear how to adapt them to the setting we are
considering.
Without loss of generality, we assume the point of tangency in question is q
=
. Condition P6 says
that the cycle element g at q
=
is parabolic. If g is a vertical translation or a screw-parabolic map
with rotational part of "nite order, then the existence of a consistent horosphere follows using
Corollaries 5.2 and 6.2 of [15]. However, we also need to consider the cases where g can be a more
general class of parabolic element.
A face of D will be called ,nite if it does not contain q
=
on its boundary. Let H
=
be a horosphere
based at q
=
disjoint from all "nite faces of D. As D has only "nitely many faces such a horosphere
must exist. As g maps H
=
to itself it is clear that H
=
is disjoint from all "nite faces of gk(D) for all
k3Z. Moreover, the union of all images of D under SgT completely "lls up a horoball at
q
=
containing H
=
. As all other copies of D in the developing image are disjoint from these their
sides must be disjoint from H
=
. This means H
=
is a consistent horosphere. This completes the
proof. K
6.2. Discreteness of C(h)
We now prove that the group C(h) is discrete by applying PoincareH ’s Polyhedron Theorem stated
above. Recall that C(h) is generated by the inversions n
0
, n
1
(h) and n
2
(h) in the R-circles R
0
, R
1
(h) and
R
2
(h). Consider the R-circles R
3
(h)"n
0
(R
1
(h)) and R
4
(h)"n
0
(R
2
(h)) with the corresponding
inversions n
3
(h)"n
0
n
1
(h)n
0
and n
4
(h)"n
0
n
2
(h)n
0
.
We will construct a fundamental domain for the group
C* (h)"Sn
1
(h), n
2
(h), n
3
(h), n
4
(h)T
from which it follows that this group is discrete. Moreover, since C* (h) is a subgroup of index two
in C(h) it follows that C(h) is also discrete.
Let S and „h be the spinal spheres de"ned earlier, namely S is the unit spinal sphere centred at
(0, 1)3N and „h is the tangent plane to S at the point qh . Recall that „h is a spinal sphere with
vertices q
=
and ph. Let S* denote the Heisenberg sphere of radius 1 centred at the point p"(0,!1);
we see that S* is the image of the Heisenberg sphere S under n
0
, and that S, S* are tangent at the
origin. Let „*h be the image of the in"nite spinal sphere „h under n0. Then „*h is the in"nite spinal
sphere with vertices q
=
and p*h"n0 (ph). It is easy to see that S* and „*h are tangent at the point
q*h"n0 (qh). Also, „h and „*h are parallel Euclidean planes because the y-axis R0 is parallel to „h.
Thus, „h and „*h are tangent at q= . Finally, it is clear that S and „*h are disjoint as are S* and „h.
For clarity, we now give the equations of these four spinal spheres
S"M(x#iy, t )3N : (x2#y2)2#(t!1)2"1N ,
„h"M(x#iy, t)3N : (t!1) cos (2h)"2!cos2(2h)!2 sin3@2(2h)xN ,
S*"M(x#iy, t)3N : (x2#y2)2#(t#1)2"1N ,
„*h"M(x#iy, t)3N : (t#1) cos(2h)"2!cos2(2h)!2 sin3@2(2h)xN .
N. Gusevskii, J.R. Parker / Topology 39 (2000) 33}60 55
Fig. 1. The initial fundamental domain D
0
.
Now let Dh be the domain on the boundary of H2C bounded by the spinal spheres S, S*, „h and„*h . Fig. 1 shows the initial domain D0 (i.e. h"0) and Figs. 2 and 3 shows two views of a domain
with 0(h(n
4
. Since inversion in the meridian of a spinal sphere leaves the spinal sphere invariant,
we have the following:
n
1
(h) (S)"S, n
2
(h) („h)"„h, n3(h) (S*)"S*, n4 (h) („*h )"„*h .
That is, the sides of Dh are paired by the corresponding inversions. Moreover, one can easily see
that the intersection of the domain Dh with its image under any of the inversions n1 (h), n2 (h), n3 (h) orn
4
(h) is empty.
For 0)h(n/4, let Ph be the polyhedron in H2C bounded by the bisectors which correspond to
the spinal spheres S, S*, „h and „*h . Then the above implies that Ph and the elements n1(h), n2(h),n
3
(h), n
4
(h) satisfy conditions P1}P4 in PoincareH ’s Polyhedron Theorem.
Let us observe that every cycle element in this construction (we have four points of tangency
of the sides of Ph) is the composition of two inversions in R-circles which intersect in a single
point. Therefore, by applying Lemma 3.1, we get that every cycle element is parabolic. It
follows that condition P6 in PoincareH ’s Polyhedron Theorem is also satis"ed. All this implies
that Ph is a fundamental polyhedron for the group C*(h), and, therefore, C*(h) is discrete
for 0)h(p/4. It follows also from PoincareH ’s Polyhedron Theorem that C*(h) is freely generated
by its generators. That is, the only relations arise from the re#ection relations n2
j
(h)"I for
j"1,2, 4.
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Fig. 2. The fundamental domain Dh .
Since the domain Dh is the &trace’ of the polyhedron Ph on the boundary of H2C , it follows that
Dh is a fundamental domain for the action C(h)* on the boundary of H2C .
So, we have proved that for 0)h(n/4, the group C* (h) is discrete, and is the free product of
four cyclic groups of order 2. This implies that the triangle group C(h) is discrete, and is the free
product of three cyclic groups of order 2.
6.3. Discreteness of G(h)
We have already proved that the group C (h) is discrete for 0)h(p/4, it follows that the group
G(h) is also discrete since G (h) is a subgroup of C(h) of index 2.
Here we give another proof of this fact showing that Ph is a fundamental polyhedron for
the action of G (h) on H2C and Dh is a fundamental domain for the action of G(h) on the boundary
of H2C.
First, we observe that fh (S)"S* and gh („*h )"„h, that is, fh and gh are the side pairing
transformations for both Ph and Dh . Moreover, one sees that fh (Dh)WDh"0 and gh(Dh)WDh"0.
So, conditions P1}P4 in PoincareH ’s Polyhedron Theorem are satis"ed.
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Fig. 3. Another view of the fundamental domain Dh .
We have the following cycle elements: fh, gh , gh 3 fh and fh 3gh . Using the Matrix representation for
Gh , we have seen that fh , gh and gh fh are parabolic. Since fh gh is conjugate to gh fh it too is parabolic.
Then it follows from PoincareH ’s Polyhedron Theorem that Ph is a fundamental polyhedron for
G(h), G (h) is discrete, G(h) is freely generated by fh and gh .
Finally, we consider G(p/4). It is easy to see that fn@4 and gn@4 are the following matrices:
fp@4
"C
i 0 0
0 !1 0
!2 0 iD , gp@4"C
1 !2 i!2
0 1 2
0 0 1 D .
Thus G (n/4) is arithmetic and hence discrete. This also shows that C(n/4) is discrete. Therefore we
have proved
Theorem 6.3. For all 0)h)p/4, the groups C(h) and G (h) are discrete.
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6.4. Trivial deformations and deformations of arbitrary Fuchsian triangle groups
Consider now the representation
o
0
: CPIsom (H2C ).
Recall that the group C (0) is generated by the inversions n
0
, n
1
"n
1
(0) and n
2
"n
2
(0). The
corresponding R-circles R
0
, R
1
"R
1
(0) and R
2
"R
2
(0) are orthogonal to the vertical chain C
V
.
There are certain obvious deformations of o
0
. First, for any path h
t
in PU(2, 1), we have
a deformation p
t
de"ned by conjugating C (0) by h
t
.
Secondly, we may also deform o
0
as follows. Let Ar denote the Heisenberg rotation at an angle
u around C
V
and for each t3[0, 1] let a (t), b (t) and c (t) be three real numbers varying continuously
with t and so that a(0)"b (0)"c(0)"0. De"ne a representation q
t
: Z
2 *
Z
2 *
Z
2
,PC(t)(
Isom (H2C) where
C (t )"SAa(t)n0, Ab(t)n1, Ac(t)n2T.
We observe that the group C (t) leaves C
V
invariant and has the same action on C
V
as the group
C(0). It is easy to check that the polyhedron P
0
(the domain D
0
) is a fundamental polyhedron
(fundamental domain) for the group C (t) for all a (t), b (t), c (t). Therefore, the group C(t) is discrete,
and freely generated by its generators. Observe that by conjugating C(t) by A
~a(t)@2 we may assume
that a(t)"0 (this is a particular deformation of the "rst kind).
Such deformations are said to be trivial deformations, because they give only Fuchsian repres-
entations, that is, for each t3[0, 1] the limit set of C(t) is the vertical chain C
V
.
Theorem 6.4. ‚et GLIsom (H1C)LIsom(H2C) generated by re-ections in the sides of an ideal triangle
in the hyperbolic plane H1CLH2C . „hen there is one-parameter continuous family
q : [0,1)PHom(G, Isom(H2C ))
of distinct representations such that q(0)"G.
Proof. First, applying a trivial deformation of the "rst type (conjugation), we may assume that
G leaves invariant the chain C
V
.
We observe now that the TeichmuK ller space of a Fuchsian triangle group acting on the
hyperbolic plane consists of only one point, that is, any two Fuchsian ideal triangle groups leaving
invariant< are conjugated in the isometry group of the corresponding hyperbolic plane. It follows
that there is a trivial deformation of the second type which deforms G in C(0). Then we deform C(0)
as before. K
Remark. Of course, the same is true for any Fuchsian ideal triangle group generated by two
parabolic elements. To prove this, it is su$cient to replace the group C(0) by the group G (0).
We think that by allowing unipotent parabolic elements to become screw-parabolic and so
changing the conformal structure around the cusp in the quotient manifold, one could deform
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arbitrary C-Fuchsian groups containing parabolic elements. The result of this paper gives support
to this idea and leads us to make the following conjecture:
Conjecture. ‚et G be a torsion free ,nitely generated Fuchsian group of the ,rst kind leaving the
complex geodesic H1CLH2C invariant. Assume the quotient H1C/G is not compact, that is, G contains
parabolic elements. „hen G admits nearby quasi-Fuchsian deformations.
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